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We examine the structure of free products in the category .0/r of abelian I-groups 
with strong unit. We give several examples of free product computations, with 
particular regard to I-groups in .d’ corresponding, via the functor K,, to AF 
C*-algebras considered by Glimm, Bratteli, Elliott, Pimsner, Voiculescu, Ekes, 
and others. 1 1988 Academic Press. Inc 
The problem of finding explicit constructions for free products in classes 
of (even abelian) l-groups other than the variety of abelian I-groups has 
been raised several times in the literature; see, e.g., [IS, p. 248; 11, p. 542; 19, 
pp. 430, 440; 20, p. 1951. This paper is concerned with free products in the 
category d’ of abelian I-groups with strong unit and unit-preserving 
I-homomorphisms [6, 11, for which we give an efficient representation. 
The best excuse for considering strong units is [14, 3.141, where AF 
C*-algebras [2, 51 are classified in terms of countable abelian I-groups 
with strong unit, using the AF C*-algebraic analogue of the Weinberg free 
embedding [22; 1; 14, 1.31 and the K, functor of K-theory [4]. 
Although .d’ is not closed under infinite products in the universal 
algebraic sense, the Pierce amalgamation theorem [16] together with the 
categorical equivalence of [ 14, 3.91 between .d’ and the variety of Chang’s 
MV algebras [3] immediately yields the existence of free products in d’ 
(Proposition 1.1). As remarked in 1.2, the free product operation in .d’ 
coincides with the categorical notion of coproduct LI in .d’, and has no 
overlap with the restriction to .r9’ of the free product operation in the 
variety of abelian I-groups. 
A detailed description of the structure of free products is given by 
Theorem 2.5, using the freeness properties of the /-group M, of 
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McNaughton functions [ 131 over the Tychonoff cube [0, 11” (see 
Proposition 2.1). Further results are given in Section 3. 
As an application, in Section 4 we present a sample of formulas for free 
products. We concentrate on those abelian l-groups with strong unit which 
are relevant to AF C*-algebra theory [4]. Thus in 4.1 we consider 
I-subgroups G of the I-group Q of rationals with strong unit 1. As proved 
in [4], these are precisely the groups arising as K, of the Glimm UHF 
C*-algebras [7]. We prove that for any two such l-groups G and G’, 
GLIG’=G+G’, 
viz., the l-subgroup of Q generated by G u G’. 
In 4.2 we deal with I-groups G = Zl/n, EE ... B Zl/n,, where Zl/n is the 
I-group of integral multiples of l/n with strong unit 1, and q is the group 
direct sum with coordinatewise order and strong unit. These are precisely 
the groups arising as K, of finite-dimensional C*-algebras [4, 51. We prove 
where as usual [m, n] is the least common multiple of m and n. 
In 4.3 we are concerned with l-groups G, = Z + Zx = l-subgroup of R 
generated by 1 and a, with strong unit 1, for a E lR\Q. The irrational 
rotation C*-algebra with angle 27rcr can be embedded into an AF 
C*-algebra whose K,, coincides with G,, as proved in [18]. In 4.4 we 
establish the formula 
(Z+Zcc)LI(Z+~cc)=(Z+Zcc)O,,,(L 83 Z), 
with strong unit (1, (0, 0)), where O,,, is the group direct sum with 
lexicographic order from the left [6]. Thus, in particular, neither the 
property of being archimedean, or totally ordered, or having no nontrivial 
ideals is preserved under free products in .r9’. 
Concerning free products of possibly nonarchimedean l-groups, in 4.5 we 
prove the formula 
Further, in 4.6 we study the I-group G = L @,,, Z with strong unit (l,O). G 
is the K, of the AF C*-algebra considered in [14, 6.51. We prove 
where Hz is the I-group of germs vanishing at (0, 0) of two-variable 
McNaughton functions [ 131, alias, up to isomorphism, the I-group of 
positively homogeneous two-variable McNaughton functions. 
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1. THE EXISTENCE OF &'-FREE PRODUCTS 
Let d’ be the category of abelian l-groups with strong unit [6; 1; 14, 
1.41. Typically, an object in .d’ has the form G = (G, 0, +, -, v, A, u), 
where u is the strong unit of G. G is an algebra whose type is obtained by 
adding to the type of I-groups a new constant for the strong unit. Given 
objects G and G’ in ,c4’, a morphism $: G -+ G’ is an /-homomorphism such 
that rc/(u) = u’. Morphisms in .d’ are precisely the homomorphisms with 
respect to the type of objects in d’. An embedding is a l-l morphism. ,d’ 
is not closed under infinite products in the universal algebraic sense; thus, 
to prove the existence of free products in .&‘I we shall apply the usual 
machinery [ 15, S] not to d’ but to the variety of Chang’s MV algebras 
[3], which is categorically equivalent to ,d’, as proved in [ 141. 
1.1. PROPOSITION. Let {Gil iE I} be a set of ahelian I-groups with strong 
unit ui #O,. Then there is an object G in .d’, together 1tsith a set qfembed- 
dings {p,: G, + G 1 i E I}, such that 
(i) U{PAG~) I iE 11 generates G as an l-group, and 
(ii) for every G’ in .d ’ and every set of morphisms { $i: G, + G’ 1 i E I} 
there is a (necessaril~~ unique) morphism $: G + G’ such that $ ,y p, = I+!I, .for 
each i E I. 
Proof Step 1. .d’ has the Amalgamation Property (AP) [ 16, p. 2501: 
whenever H,, H, , H, E .d’ and x,: H, -+ H, are embeddings (i = 1, 2), there 
is HE dc91 with embeddings ti: Hi + H such that t, c x, = [, 0 x1. 
Indeed, each xi is also a l-1 I-homomorphism in the variety of abelian 
I-groups. Since this variety has AP [ 16, 2.3; 17, p. 1683, there is an abelian 
I-group H and l-l I-homomorphisms 5,: Hi + H such that <,o x, = t2 0 x2. 
Without loss of generality, H is generated by <,(H,) u t2( H,), whence u = 
l,o x,(u,) = t2 0 X*(Q) is a strong unit in H, and each ti is an embedding, as 
required. 
Step 2. The variety of MV algebras [3] has AP. 
Indeed, let r be the categorical equivalence between .d’ and the variety 
of MV algebras [14, 3.91. From [ 14, 2.4 and 3.81 it follows that for all 
K, K’ E&” and morphisms 4: K -+ K’, 4 is l-l iff r(d) is 1-l. The desired 
conclusion now follows from Step 1. 
Step 3. The MV-free product exists for every set {B, I iE I} of MV 
algebras with 0, # 1,. 
Indeed, by Step 2, for any finite subset jb c I the { Bi I i E 1,) can be jointly 
embedded in an MV algebra; therefore, by [S, p. 1861 or [ 15, p. 104, 2.51 
the free product B, of { Bi ( i E A} exists. Letting B, be the direct limit of the 
B,‘s with canonical l-l homomorphisms B, + B,, (jti c ,D), a routine 
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argument [S, p. 156, Exercise 34, and p. 130, Lemma 21 shows that each Bi 
(i E I) is embeddable in B, , and hence the free product of {B, 1 i E Z} exists, 
as required. 
The proof of the proposition is now completed using in the converse 
direction the categorical equivalence Z of Step 2. i 
1.2. Remarks. (i) The free product G of {Gil in I} coincides with the 
coproduct [lo] in the category &I, and shall henceforth be denoted by 
LI{ Gil ie I}. The coproduct embeddings {p,: G, -+ G 1 ig I} shall be 
explicitly mentioned only when they are not evident from the context. 
Although coproducts are unique up to isomorphism, we shall write G = 
H LI K, by a traditional abuse of notation. 
(ii) The requirement that 0, # U, for each i E Z, in Proposition 1.1, is 
necessary for the existence of LI{ G, I ie I}, unless Gi = {Oi} = {u,} for all 
iE I. 
(iii) By [ll, 1.43 or [12, p. 350, (ii)], whenever G, G’E d’ and 
0 # U, 0’ # u’, the coproduct G LI G’ with respect to .d’ is different from the 
restriction to .d’ of the coproduct of G and G’ with respect to the category 
of abelian Z-groups. 
2. THE STRUCTURE OF &"-FREE PRODUCTS 
Following [14, 4.133 we say that a map r: [0, 11” -+ [w is a McNaughton 
function over [0, 11” iff r is continuous and there are a finite number of 
linear (in the affme sense [21]) polynomials p,, . . . . p,,? with integral coef- 
ficients such that for each x E [0, 11” there isjc { 1, . . . . m} with r(x) = pi(x). 
The McNaughton functions whose range is contained in the unit interval 
[0, 1 ] are the functions introduced in [ 13, p. 23. 
For every infinite cardinal v, let [0, 11” be the Tychonoff cube. We say 
that a map f: [0, 11’ + R is a McNaughton function over [0, 11” iff there 
are ordinals z, < . .. < x,, < v and a McNaughton function r over [0, 11” 
such that f(x) = r(x I,, . . . . ,yZn) for all x E [0, 1 ] ‘. 
For every cardinal ti > 0, M, is the Z-group of McNaughton functions 
over [0, 11” with pointwise operations, and with the constant function 1 as 
the strong unit. For each ordinal y < K, the canonical projection 
p,: [0, 11” + [0, l] is defined by p,(x) = xY for all XE [0, 11”. 
2.1. PROPOSITION. Given K>O, /et Y= {~,IY<K}. Then Yu (1) 
generates M, as an l-group, andfor every l-group G with strong unit uti, and 
every map $: Y+ [0,, u,], there is a (necessarily unique) unit-preserving 
l-homomorphism $1 M, -+ G extending $. 
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Proof. By an obvious adaptation of [ 14, 4.161. 1 
2.2. PROPOSITION. Let ,f, g E M,. Then there ore ordinals CC, < < 
a,, < K and ,functions r, s E M,, .such that 
(a) ,f(=) = r(z,, , . . . . z?,,) and g(z) = s(z,, , . . . . z2,,) .jbr ull 2 E [0, 11”. 
In addition, given cm arbitrary X = (x 2,, . . . . x,,,) E [0, 11” there is u finite 
.fhmily JI = {S, , . . . . S,, } of n-dimensionul simplexes in [IO, 11” \t,ith the 
,fbllowing properties: 
(b) .f is a common vertex qf each simplex in II; 
(c) ,fbr some q > 0, S, u u S,, contains an open set W such thut 
SE w= ((y,, . ..) Y,,)E [O, l]“l((y, -“Y)j+ “’ +(y,,-.u,,,)‘)‘%/); 
(d) ,for each i= 1, . . . . h there are linear polynomiuls p, und r~, lcith 
integral co<fficients such that r = p, und s = 0, on S,. 
Pro@ Part (a) is an immediate consequence of the definition of M,. 
Parts (b)-(d) are proved in [13, p. 21 or [21, 1.5 and 2.31. 1 
2.3. PROPOSITION. (i) Let ,feMM,, x, ye [0, l]“, u= J’-x. Then the 
one-sided directional derivative at x, 
,f '(x; u) = hi(f‘(.Y + jbu) -f(x))/& 
exists ,finite. 
(ii) Two ,functions f and g in M, have the Same germ at a point 
XE [0, 11” (i.e., they coincide on Some open set containing x) $f,f(x) = g(x) 
andf“(x; y - x) = g’(x; y -x) .for all y E [0, 11”. 
Proqf: Immediate from Proposition 2.2. 1 
Given f E M, we denote by l(f) the l-ideal of M, generated by J As 
usual, .Zf =,f ‘(0) is the zero-set of.6 
2.4. PROPOSITION. Let f E M,. Then for all g E M, we have g E Z(,f) iJf 
-%=,a 
Pro@I Trivially, if g E I(,f) then Zg I zc Conversely, assume Zg I Zf: 
Without loss of generality, ,f and g are 30. Let F denote the boundary of 
zf; F= closure(Zf)\interior(Zf ). For every x E F and y E [0, l]^ let 
u = y - x. If g’(x; u) > 0, using Proposition 2.2 we choose an E > 0 so that g 
is linear on the closed segment [x, x + EU]; then from x E Zf c Zg we get 
Zfn [x, x + EU] = ix}. Choosing now 0 < q <E such that f is linear on 
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[x, x + vu], from Zfn [x, x + vu] = {x} it follows that f“(x; U) > 0. We 
have thus proved: 
for all x E F, if g’(x; U) > 0 then ,f”(-u; U) > 0. (1) 
Claim. For each .YE F there is an open set U,. containing x, and a 
positive integer m ~ such that m,f 2 g on U,. Indeed, let z, < . -C ct,, < K, 
r,s,.Z= {S,, . . . . S,,} be as in Proposition 2.2, with X = (x,,, . . . . x,J E [IO, 11”. 
For each i = 1, . . . . h and ,j = 1, . . . . n + 1 let e/ be thejth extremal point of the 
n-dimensional simplex S,, and u,! = e: - .U. Since r(.lr) = s(.Y) = 0, with r and 
s linear on S,, by (1) there exists rniEu such that 
m,r’(x; u/) 3 s’(.U; u:), for all i = 1, . . . . h and .j = 1, . . . . n + 1 
It follows that mir 3 s on S;. Letting m, = max(m,, . . . . m,,), we have m,r B s 
on U, S,, whence by Proposition 2.2, m,r 2s on an open set in [0, 11” 
containing X. It follows that m,f 3 g on some open set U, in [0, I]” 
containing x, and our claim is settled. 
The family { U, 1 x E F} is an open cover of the closed set F, whence by 
compactness there are I,, . . . . x, E F such that U.,, u ... v U,! 3 F. Since 
g = 0 on Zf, there is ri? E w such that @f 3 g on an open set U 3 Zf On the 
other hand, sincef > 0 on the closed set V = [0, 1 ] “\U and g is bounded in 
V, there is ti E o such that &f> g on V. Therefore, there is m E w such that 
mf > g on [0, 1 I”, whence, by convexity, g E Z(,f), as required. [ 
By Proposition 2.1, for every G E .QI’ there is a cardinal K (e.g., K = I GI = 
cardinality of G), an I-ideal J of M,, and an embedding I/J of G onto M,/J, 
in symbols $: G 2 M,/J. We shall often identify G with its isomorphic copy 
M,/J. Given a set {A’, 1 iE I} of pairwise disjoint nonempty sets, the 
inclusions X, c X= IJ, X, canonically induce embeddings of M,, = M,,, 
into M, = M,,, in such a way that, upon identifying M,, with its image in 
M,, U, M,, generates M, as an l-group, and for all i #j, M,, n M, is the 
set of integral multiples of the constant function 1 E M,. 
2.5. THEOREM. For any set {G, 1 i E I} of ahelian l-groups with strong unit 
ui #Or, let, without loss of generality, Gi = M,,/Ji, for pairwise disjoint sets 
X,. Let X = u, X, and J he the smallest I-ideal of M, containing Uz J,. Then 
LI{G,Iz’EZ} =M,/J, with the embeddings p, canonically induced by the 
inclusions M,, c M,. 
Proof We let M= M,, M, = Mx,. For each iE I we define pi: MJJ, --+ 
MIJ by 
for all ,f E M,, (1) 
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where ,JJi (resp., f/J) is the image of f~ M; c M under the quotient map 
qi: Mi -+ M,/J, (resp., q: M -+ M/J). Since J;c J, then p’i is well defined. 
Claim 1. pi is l-l. 
As a matter of fact, for every .f, g E M, such that f/J= g/J, we have, by 
definition of J: 1 f- gl <h v h, v .. v h,, for some h, h,, . . . . h,, >, 0 with 
h E Ji, h, E Ji,, . . . . h,, E J,,, i$ {i,, . . . . i,, , 1. See [6, p. 791. By assumption, each 
J, is a proper Z-ideal of M; (j E {i, i, , . . . . i,,}); moreover, ,I; g, and h only 
depend on the variables x, for y E X,. Therefore we have Z ( ,f - gl 2 Zh, 
where zero-sets are now understood as subsets of the cube [0, I]‘““. By 
Proposition 2.4, 1 f - gl E Z(h) = the Z-ideal of Mj generated by h, whence 
If‘- g( E Ji, i.e., f/Ji= g/J,, as required to settle Claim 1. 
It is easy to verify that each p, is an embedding of MJJ, into M/J. 
Claim 2. U (pi(MJJ,) ( i E I} generates M/J as an l-group. 
As a matter of fact, we note that for every 7 EX there is exactly one 
i = i(y) E I such that the canonical projection p., belongs to M,, namely, the 
only ig I such that y E X,. Also, tJ{M, I iE I} generates M, by 
Proposition 2.1. Therefore the set {p,/Jl y EX} generates M/J. By (1) 
p,/J= p,(,,(p,,/J,,,,), and the claim is settled. 
To complete the proof of the theorem, assume G E .c9’ and for each i E Z 
we are given a morphism I/?;: M,/J, -+ G. We have the following com- 
mutative diagram: 
M,---ll; MJJ, 
n A I\ t# 
M ’ ) M/J G 
Let 7c {p.;IyE X} + G be the function defined by 
~7 E M++P~ EM,(.;, ++P;/‘Ji(y) F+ $i,T,(PylJi(;,,) =$icy~ q,,;)(PT). 
By Proposition 2.1, rt can be uniquely extended to a unit-preserving 
Z-homomorphism II/: M + G. The restriction of $ to Mic M is a unit- 
preserving Z-homomorphism of M, into G that coincides with $, 0 qI on the 
set { P?I:~E X,}. Since this set generates M,, we have 
W-) = $,M’J,) for all i E Z and ,f~ M,. (2) 
Claim 3. For all ,k g E M, f/J= g/J implies $(f) = $(g). As a matter of 
fact, assume k E J. Then lkl 6 h, v ... v h,, for some h,, . . . . h,,, 2 0 with 
h,cJ ,,,..., h,EJin,. By (2), $(h,)= ... =Il/(h,,,)=O, whence $(lkl)= 
$(k) = 0, which shows Jc II/ ‘(0). This settles Claim 3. 
We now define the map $: M/J -+ G by $(flJ) = $(f), for all f’~ M, An 
application of (1 ), (2) and Claim 2 yields that $ is the only unit-preserving 
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I-homomorphism of M/J into G such that $0 pi = tji for all i E I. This com- 
pletes the proof of the theorem. 1 
3. AUXILIARY RESULTS FOR FREE PRODUCT COMPUTATIONS 
Following tradition, for every nonempty set YC [0, l]“, the I-ideals J, 
and 0, of M, are defined by 
J,= {J’EM,If=Oon Y), 
O,= {j’~M,l,f=O on some open set in [0, 1 ] h containing Y>. 
For every x E [0, 11” we write J, and 0, instead of JI V) and 0 I\ ), respec- 
tively. Given an I-ideal J of M,, the closed set V,, c [0, 11” is defined by 
3.1. PROPOSITION. Let J he un I-ideal of M,. Assume g E M, and g = 0 
on some open set U 1 V,,. Then g E J. 
Proof By compactness there is ,f’~ J such that Zg 3 I/ 3 Zf 3 V,. By 
Proposition 2.4, g E /(,f‘) c J. 1 
3.2. PROPOSITION. Let f’~ M,. Then M,/Z(,f) is isomorphic (in .d’ ) to 
the l-group M, / .Zf of‘ restrictions to Zj of the ,functions in M,, rcith the 
strong unit 1 1 .Zf 
ProojI For each g E M, we have g E I(f) iff Zg 3 Zf (by 
Proposition 2.4) iff g 1 zf = 0. The conclusion is now straightforward. 1 
3.3. PROPOSITION. Let U he un open set in [O, 11” und z E U. Then there 
is f‘~ M, satisjjing the ,follolving conditions: 
(a) O<f< 1, 
(b) ,f = 0 on some open set in [O, 1 ] h containing z, 
(c) ,f= 1 on [0, l]“\U. 
Proof: Without loss of generality, there are open intervals with rational 
endpoints (pj/qi, r,/s,), p,, q,, ri, S,E o, i = 1, . . . . n, such that 
zE{.xE[O, l]lilx,E(p,/q,,r,/si)for all i=l,..., n}cU. 
Let p,‘, q:, ri, S:EO be such that pi/q, < p:/q,! <xi< r:/s: -C rJs, for each 
i = 1, . . . . n. Define the functions ,f,, g;: [0, 1 ]^ --f R by 
j;(x) = six, - r:, x,(+x) = -4:x, + p:, for all XE [0, 11”. 
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Note that fi, gig M,. Let m, E o be such that 
m;fJx) 3 1 for all XE [0, 11” with xi> ri/s,, 
and 
mjgi(X) 3 1 for all XE [0, 11” with xi<pi/q, 
Then the function f = (m l(f, v g, v 0) v . v m,,(f,, v g,, v 0)) A 1 has 
the required properties. 1 
3.4. COROLLARY. Let V,, V, he nonempty disjoint closed subsets of 
[0, 11”. Then we have 
(i) there is fEA4, such that O<f< I,f=O on VO,f= 1 on V,; 
(ii) for any two functions fo, f, E M, there isfe M, and a pair of dis- 
joint open sets U,x V,, U1 ZJ V, such thatf=f, on U, andf=f, on U,. 
Proof (i) Using Proposition 3.3, for each x E V, let fr E M, be such 
that 0 d f, < 1, f, = 0 on some open set W, containing x, and f\- = 1 on V,. 
By compactness, let xi, . . . . x,, be such that W,, u . . u W,, 1 V,. Then 
f=f,,/Y ..’ ~,f~, has the required properties. 
(ii) By normality there are disjoint closed sets 8,, P, and open sets 
U,, U, such that V,C U,c 8, and V, c U, c 8,. It is sufficient to prove 
the result for f2, f, 20. Using (i), choose g,, g, E M, such that g, = 1 on 
vO,, g,=O on V,, g, = 1 on 8,, and g, =0 on vO. Let nEo be such that 
ng, > f. on P,, and rrg, > f, on 8,. Then the function ,f = (ngO ~fi) v 
(ng, A f, ) has the required properties. 1 
3.5. COROLLARY. For each nonempty closed set Y c [0, 1 ] K, 0 ,, and J, 
respectively are the smallest and the largest l-ideal J of M, such that V, = Y. 
Proof: Trivially, Y c VJy c V,,. If J is an l-ideal of M, such that 
V, = Y, then Jy 1 J by definition; moreover, J=, 0 y by Proposition 3.1. To 
complete the proof it suffices to show Voy c Y. If XE [0, l]“\Y then by 
Corollary 3.4(ii) there are disjoint open sets U0 1 Y and U, 1 {x} and a 
function f E M, such that f = 0 on U0 and f = 1 on U, . Thus, f E 0 ,, and 
Zf r) V,,. On the other hand, since f(x) = 1, we have x#Zf and 
x4 vol. I 
Following [4, p. 271, we say that a sequence y,, y,, . . . . yx, of real 
numbers is rationally dependent iff there is a finite subsequence y,,, . . . . y,” 
and rationals cr , . . . . c,, not all zero, such that c1 y,, + . + c,, yefl = 0. 
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3.6. PROPOSITION. For each XE [0, 11” the following are equivalent: 
6) O,# J,, and 
(ii) the sequence { 1, x0, xl, . . . . x,, . . . IG~< K > is rationally dependent. 
Proo$ (ii) -+ (i) Assume without loss of generality that 0 = a + b,x, + 
. . + b,,x, with a, b,, . . . . b, integers, not all zero. Define f~ M, by 
f(z)=a+b,z, + ... +b,z,,, for all ZE [0, 11”. 
Then f~ J,; moreover, f # O.,, for otherwise by Proposition 2.3, all one- 
sided directional derivatives at x would vanish, and in particular 6, = 
. . = 6, = 0 whence a = 0, which is impossible. 
(i) -+ (ii) By Corollary 3.5 there isfg J.,\O,. By Proposition 2.3 there 
is y E [O, 11” such that f’(x; y - X) # 0. By Proposition 2.2 there is r E M,, 
such that, without loss of generality, f(z) = r(z,, . . . . z,,) for all z E [0, 11”. 
Further, a linear polynomial a + b, z, + . . . + b,z,, with integral coeffkients 
coincides with r on the closed segment in [0, 11” joining X = (x,, . . . . s!,) 
and x+&(3-.?), for somea>O, wherey=(y,,..., y,). FromfeJ, we get 
a+b,x,+ ... +b,x,=O. On the other hand, we cannot have a=b, = 
. . . = 6, =O, for otherwise it would follow that 0= r’(.?; y-2) = 
.f’(x; y - x), which is impossible. 1 
3.7. Given abelian f-groups G and H with strong unit u and v, respec- 
tively, we let 
GHH 
denote their cardinal sum (in SZI”), i.e., the group direct sum endowed with 
componentwise order, and with the pair (u, v) as the strong unit. Further, if 
T is a totally ordered abelian group with strong unit Us, and K is an 
abelian l-group (possibly without strong unit), we let 
denote their group direct sum equipped with lexicographic order from the 
left (i.e., for all t, t’ E T and k, k’ E K, (t, k) 2 (t’, k’) holds iff t > t’ or t = t’ 
and k 2 k’), and with the strong unit (u,, 0,). Note that TOlex KES?’ [6, 
pp. 25, 261. 
3.8. PROPOSITION. Let V,, . . . . V,, be pairwise disjoint nonempty closed 
subsets of [0, 11”. Then M, 1 VI u . . . u V, is isomorphic to 
M,I v, q . . . q M,I v,. 
Proof: Let V=V,u . ..uV.,. Let $:M,)V+M,[V,x ... xM,IV,, 
be defined by $(fl V) = (fl V,, . . . . fl V,,), where x denotes the set- 
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theoretic Cartesian product, and f 1 I/, is the restriction of f E M, to Vi. 
Clearly, $ is a l-1 unit-preserving I-homomorphism of M, 1 I/ into 
M, 1 V, ES . . El! M, ( V,. Surjectivity is now an immediate consequence of 
Corollary 3.4(ii). 1 
4. FREE PRODUCTS OF KO OF AF C*-ALGEBRAS 
We first consider l-subgroups G of the additive I-group Q of rationals 
with natural order and strong unit 1, for short G c Q. As shown in [4, 
pp. 27, 501, these are precisely the I-groups arising as KO of Glimm’s UHF 
C*-algebras [7]. For all G, G’ c Q we let G + G’ denote the I-subgroup of 
Q generated by G u G’, with strong unit 1. 
4.1. THEOREM. Let G, G’ c Q. Then G Ll G’ = G + G’. 
Proof Let G and G’ respectively be generated by the two sets 
{r 0, rl, .,.} and (rb, r’, , . . . }. Without loss of generality, r,, = l/d,, and 
r: = l/d:, for some d,,, d:, E CO. Let ,f,,, f:, be given by 
fn(x,)=(d,x,,-1) v (1-4x,,), 
j-Xx;) = (dnx:, - 1) v (1 - d;,x:,), 
where the variables x, and x; are all different. Note that 
ZLl= {r,,) and -VI, = (6,). (1) 
Let J be the I-ideal of M, generated by the set {f,(x,),f,(x,), . ..}. Due to 
our stipulation on the variables, f, #f, for all n # m, even if d, happens to 
coincide with d,. Letting rE [0, 11” be the sequence (r,, r,, . ..). we have 
VJ= {r}. By Corollary 3.5, we have Jc .I,. Conversely, assume g EJ,, i.e., 
g(r) = 0. Since g only depends on finitely many variables, say 
g = g(x,, . . . . x,), thengEM,+IcM,. DefinefEM,,, byf(xo,...,xm)= 
fo(x,) ” .” vf,Jx,). Then Zfc [0, llmfl is the singleton {(rO, . . . . rm)}, 
and Zfc Zg. By Proposition 2.4, g E Z(f) = the principal f-ideal of M,, + 1 
generated by f: A fortiori, g E J 1 Z(f). We have proved 
J= J,. (2) 
By Proposition 3.2 we obtain 
M,/J=M,I{r}=G. 
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Similarly, forming a disjoint copy M:,) of M,, and letting J’ be the l-ideal of 
MU generated by {fb(x&),f’,(x;), . ..}. and r’= (rb, r’,, . ..)E [0, l]‘“, we have 
M:,JJ’=Mk) {r’} =G’. (4) 
Let 2u represent he disjoint union of two copies of o, and let ?E [0, 11” 
be the sequence (rO, rl, . . . . rb, r’,, . ..). Let 7 be the I-ideal of M2,, generated 
by J, u .I,.. Note that VT= {Y”}. The same argument used to prove (2) now 
yields J= Ji. By (2), (3), (4), Proposition 3.2, and Theorem 2.5 we finally 
obtain 
G l-l G’ = M,/J LI M:,/J’ = M,,/J, = M,, ( ( y”} = G u G’. 1 
We now consider l-groups GE &’ of the form 
G=Zl/n, H ... H Zl/n,, 
where, for each 0 <n E o, Zl/n denotes the I-group of integral multiples of 
l/n with natural order and strong unit 1. These are precisely the I-groups 
arising as K0 of finite-dimensional C*-algebras [S; 4, pp. 10, 461. As usual, 
we let [n, m] be the least common multiple of 12, m E w (for 0 <n, m). 
4.2. THEOREM. Assume 0 < m, , . . . . m,, , n, , . . . . nk E o. Then 
(Zl/m, H ... H ii!l/m,) LI (.771/n, H ... H Zl/n,) 
= Ek ii zl/[mi, nil. 
r=l j=l 
Proof. For each i = 1, . . . . h and j = 1, . . . . k define fi E M, and gj E Mk by 
fib ,,..., x,)=x, v ... v xi-, v (mix;- 1) v (1 -mixi) v xi+, v ... v xh 
and 
gj(Y 1 , . ..1 y,)=y, v ... VYj-I V (njY,-l) V (l--njY,) VYj+l V “’ Vyk. 
We then have 
and 
o<.fi and OG gj> 
Zh= ((0, . . . . 0, l/m,, 0, . . . . 0)) c [0, 11” 
zg, = ((0, . ..) 0, l/Hi, 0, . ..) O)} c [O, 1 -Jk, 
~l/m,=M,IZfi=M,/Z(f,) 
(1) 
(2) 
and 
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(3) 
22 1 ln, = Mk I a, = Mkl4 gjh 
recalling, if necessary, Proposition 2.4. It follows that 
n/m, a . . . q ~i/~,~ 
=M,JZf; u '.. UZf,,, by (3), (2), and 3.8 
= M,,lKf, A . . A .I,, 13 by (1) and 2.4. 
Similarly, 
(4) 
ain, R -m zi/n,=M,/z(g, A .. . A gk). (5) 
Let f’=f, A . . . off and g= g, A ... A g,. Let J be the I-ideal of M= 
M ,I +k generated by Z(f’) u Z(g). It follows that J= Z(f v g). Using the 
abbreviation E3 ij for EE I’= , q := , , we have 
=wzA Lfl” 8,) 
= M IJ Z(.f; ”8,) 
I, 
= a Ml ztj; v g,), 
= q M/z(.fi v gj), 
= @ M/J;,, 
= B (M,lWifi) LI M,lz(gi)), 
= B (721/m, LI 771/n,), by (3) 
= H zl/[m,, n,l, 
by (4), (5), and Theorem 2.5 
by Proposition 2.4 
by 3.8 
by 2.4 
where J, is the l-ideal of M 
generated by Z(,f,) u I( gj) 
by 2.5 
by 4.1. 
This completes the proof of the theorem. 1 
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For any cx,, . . . . a,, E R’ we denote by Z + Za, + . . + + Za, the /-subgroup 
of R generated by { 1, a,, . . . . a,} with strong unit 1. For a E R\Q, Pimsner 
and Voiculescu [lS] proved that the irrational rotation C*-algebra with 
angle 27ra can be embedded into an AF C*-algebra whose K, is Z + La. As 
usual, the one-sided directional derivatives a/ax+ and a/ax- of 
f(.x, y) E M, are defined by 
a”~%, ycJ/ax+ =J”((Xo, Y,L (1,O)) 
= \,i$CSCx, + 1, Y,) -fh Y~)/L 
wxo > Yo)PX =f“((X,, 4’0); (- 1,O)) 
= p$f(xo - 2, Yo) -f(xo. Y,))/A. 
4.3. THEOREM. Given ~1, /?E IF!, let G = (Z + Ax) LI (Z + Zp). We then 
have: 
(i) !f (La,b) IS rationally independent, or if either of a or p is 
rational, then G = L + La + Z/l. 
(ii) V{l,a,B} IS rationally dependent and a, b E F%\Q, then G is the 
I-subgroup of (H + Za + Z/l)@,,, (Z q Z) with strong unit (1, (0, 0)) giuen 
hY 
Moreover, G contains an isomorphic copy of Z 03 Z as a proper i-ideal. 
Proof: Without loss of generality a, PE [0, I]. The proof is by cases. 
Case 1. (I, c(, p} is rationally independent. 
We have Z + La = MI/J, and 12 + Zfi = M,/JB. Let J be the l-ideal of M, 
generated by J, u J,, where allfE J, are functions in the variable x, and all 
gg Jll are in the variable y. 
Claim. J= 0 (r,,j) = {,f~ M, ) f(cr, p) = 0 on an open set containing 
(4 PII. 
Indeed, applying Proposition 3.6 to { 1, c(>, we get J, = 0,; similarly, 
J, = 0,. As a member of M, I> M,, each f E J, vanishes on some open set 
U = U0 x [0, 11, where U, is an open set in [0, l] containing a. Similarly 
for each g E J,. This shows that Jc Oc1,8j. Conversely, from VJ = 
V.,, x VJ,( = {(a, B)) we conclude Oca,B) c J, by Corollary 3.5. Our claim is 
thus settled. 
Using now the rational independence of (1, c(, /3}, by Proposition 3.6 we 
get J=O (X./3) = Jwm and by Theorem 2.5, (Z + Zcr) LI (Z + Z/I) = M,/J= 
M, 1 {(a, p)} = Z + La + iZ/I, as required to complete the proof of Case 1. 
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Case 2. (1,&p} is rationally dependent. 
Subcase 2.1. CI, fi E Q. 
Then the desired conclusion follows from Theorem 4.1. 
Subcase 2.2. a E Q, fl E R\O. 
Without loss of generality c( = l/n for some n E w, and Z + Zcr = Zl/n = 
M, / Zq = M,/Z(q), where q E M, is given by q(x) = (nx - 1) v (1 - nx). 
Also, Z + Zfl= M, 1 {fl} = M,/J,. Let J be the I-ideal of M, generated by 
Z(q) and J,] (where all functions of J, are in the variable y). 
Claim. J = Jca,B). 
Indeed, given g E Jcu,,jj, by Proposition 2.2 there is p(x, y) = ax + by + c 
coinciding with g(x, y) on the segment [(a, /I), (c(, /j+.s)], for some 
a, b, CE 7 and E > 0. From g(cc, /?) =0 we get b = 0, for otherwise fl= 
-(a~ + c)/b would contradict our assumptions about a and 8. Thus, 
8g( cI, fi)/$r + = 0. Similarly for a/ay , whence ag( cI, fl)/ay = 0. Let .f~ M, be 
given by .f(x, y) =q(x). Then f‘(cc, b)=O; also, f’((cc, 8); (u,, uz)) =0 
precisely when u, = 0. The argument following (1) in the proof of 
Proposition 2.4 now yields an m E o such that mf 3 1 gl on some open set U 
in [0, 11’ containing (a,/?). Thus, (yfv Igl)-mf=O on UI VJ= 
{ (2, j?)}, whence (mf v I gl ) - mf E J by Proposition 3.1. Since mf E J, then 
mf v I gl, I gl, and g all are in J. We have proved J~~,,jj c J. Conversely, 
Jc Jw, by Corollary 3.5, and our claim is settled. 
By Theorem 2.5 it follows that (Z+Zz)LI (Z+i@)=M,/J= 
M, I {(a, /I)} = Z + Zsr + Zg, as required to prove the theorem in Sub- 
case 2.2. 
The proof of Theorem 4.3(i) is complete. 
(ii) Subcase 2.3. r, /?E R\Q and { 1, c(, /I} is rationally dependent. 
Without loss of generality there are a, b, c such that 
ar+bb+c=O; a,b,cETf; a2 + b* + c* > 0; a 3 0; 1 = gcd(a, b, c), 
(1) 
where gcd is greatest common divisor. The irrationality of u and /I now 
yields 
a # 0, b ~0. (2) 
Let J be the l-ideal of M, generated by J, u J,, where all functions of J, 
are in the variable x, and all functions of J, are in y. The same argument 
for proving the claim in Case 1 (where only the irrationality of ct and /? is in 
fact used) yields 
J = 0~. (3) 
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Claim 1. For all f E M,, f‘~ OcE,Bj iff f‘(cc, 8) = Q(a, /?)/a~+ = @(cr, /I)/ 
dx- = 0. The --f direction is an immediate consequence of Proposition 2.3. 
In the converse direction, assume f q! O,l,,jl, absurdum hypothesis. Without 
loss of generality, ,fa 0. By Proposition 2.3 there is (x,, yO) E [0, 11’ such 
that 
f”((4 B); (x0 - 4 Yo - B)) > 0. (4) 
Let C = {S,, . . . . S,} and p,, . . . . p,, be as in Proposition 2.2, with f‘= p, on 
each simplex S, c [0, 1 12, and (c(, b) a common vertex of all the S,. There 
cannot exist a unique linear polynomial p such that f = /, on lJi Si, for 
otherwise by (4) we would have p’((cc, j3); (a -x0, /I- yo)) < 0, thus 
contradicting f > 0. Accordingly, let i, j E { 1, . . . . h} be such that 
PifPj and sins, g2 ((4 B)). (5) 
Let R,= {(x, y)~ [w’Ip,(x, y)=p,(x, I’)}; then R, is a line a’x+h’y+ 
c’= 0 through (a, /I) with a’, b’, c’ E Q. By the irrationality of c( and /3, R, 
must coincide with the line R given by ax+ by+ c=O. We then deduce 
that there are exactly two distinct linear polynomials with integral coef- 
ficients, say p, and pz, and two halfplanes H, and H, separated by R, such 
that f =pl on H, and f =p2 on H,. Since f 3 0 must be linear on R, it 
follows that f = 0 on R, and the derivatives of both p, and pz along any 
direction parallel to R must vanish. Since we are assuming 0 = f = 
c3flax+ = c?f/dx at ((w, p), we also have dpj(a, /?)/dx = 0 for i = 1, 2. Since, 
by (2), R is not parallel to the x-axis, we obtain p, = pz = 0, thus con- 
tradicting (5). Claim 1 is settled. 
Using Proposition 2.3 we now define $: M, + R’ by 
IC/(f)=(f(~,B),af(cc,B)lax+,af(~,/3)lax~), for all f E M,. (6) 
Then II/ is an I-homomorphism of M, into (Z + Za + Zfi) Olex (Z q Z). 
Indeed, $ preserves addition, by linearity of d/ax+ and a/ax-; further, the 
identity $(f v g) = tj(f) v $(g) is proved by cases, according to whether 
f(cq /?)z g(a, /?), and recalling the definition (given in 3.7) of EE and @,,,. 
By Claim 1, for all A g E M, we have f/Oca,8, = g/0,,,8, iff Il/(,f) = $(g). 
Define now 5: III~/O~~,,~, + (Z + at + wok, (Z q Z) by S(f/O,,,,,) = 
t+h(f ), for all f E M,. Then $ is a l-1 I-homomorphism with $( l/O,,.p,) = 
(1, (0,O)). By (3) and Theorem 2.5 we have 
(Z + Za) LI (Z + ZP) = M,lO(,,/, ~(z+z~+zg)o,,,(z q z), 
as required to prove the first assertion in Theorem 4.3(ii). 
To complete the proof of the theorem we make the following 
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Claim 2. The l-ideal of M,J0,,,3, given by JcI,,j,/Ocx,B, is l-isomorphic to 
z EE z. 
As a matter of fact, given f‘~ J,,p,, by Proposition 2.2 there is an E > 0, 
together with polynomials pi = six + bix + ci (i = 1, 2) with integral coef- 
ficients such that f = pr on the segment [(a, b), (a + E, /?)I and f = p2 on 
[(a, /3), (a - E, b)]. Since p, = p2 =f = 0 at (a, /I), the irrationality of a and 
/I implies b, = a,b/a and ci = sic/a for each i = 1, 2. Necessarily, aJa E Z, for 
otherwise (absurdum hypothesis), letting p be a prime and HEW be such 
that p” 1 a and p”fai (where 1 means “divides”), we obtain p) b from bj = 
(ajb/p”)/(a/p”); similarly, ci = a,c/a implies p 1 c; thus, p ) a, b, c, contradicting 
(1). Using (6) we now see that $ maps Jta,Bj into the set ((0, (ma, na))l 
m, n E Z}. Trivially, $ maps Jts,Bj onto this set. Actually, $ is an 
I-homomorphism of J,,.,, onto the I-group K= {O) EE (Za H iTa). By 
Claim 1, $ is an I-isomorphism of Jca,Bj/O,z,,ll onto K. Clearly, Kg Z H Z, 
and Claim 2 is proved. 
This completes the proof of Theorem 4.3. 1 
4.4. COROLLARY. Zf CI E rW\Q then (Z + i7a) Ll (Z + Za) = (TT + T7a)Olex 
(Z q 77). 
Proof. Without loss of generality a E [0, 11. It clearly suffices to prove 
that the function $ given by (6) in the proof of Theorem 4.3(ii) maps M, 
onto the set-theoretic Cartesian product (Z + Za) x Z x Z. Let y E Z + Za, 
say ‘/ =n +ma, for some m, n E Z. For each preassigned d,, d, E Z let 
fr(x, y)=d,x+ (m-d,) y+n. Then fi(a, a)=~, and 8fi(a, a)/ax+ =d,. 
Similarly, the function fi(x, y) = -d,x + (m + d2) y + n obeys fi(a, a) = y 
and lTf,(a, a)/ax- = d,. Let T, c [0, 11’ be the triangle with vertices (0, 0), 
(l,O), and (1, 1); let T, have vertices (O,O), (0, l), and (1, 1). Let fEM, 
coincide with fi on T, and with f2 on T,. Then $(f) = (y, (d,, d,)), and $ 
is surjective, as required. 1 
4.5. THEOREM. For every abelian l-group G with strong unit, and for each 
n = 1, 2, . . . . we have 
(Z H Hii,,, EE Z)LI G=G EE Hii,,, q G. 
Proof Trivially, Z Lf G = G. We shall prove the theorem for n = 2. Let 
p: [0, l] + [0, l] be the identity function on [0, 11. Let p A (1 - p) = 
q E M,. Let J1 = Z(q) c M,. By Proposition 3.2 we have 
Ml/J, = M, 1 Zq = M, I (0, 1 } = 77 El3 Z, with strong unit ( 1, 1). (1) 
By Proposition 2.1 we can write without loss of generality G = M,/J, for 
some set X and l-ideal J, of M,, with ( 1 > n X= 0. Let Y = { 1 } u X and 
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A4 = M,. Let J be the l-ideal of A4 generated by J, u J,, recalling the 
inclusions M, , M, c M. By Theorem 2.5 we have 
(Z El3 Z)LIG=M/J. (2) 
We define c: M/J-+ G x G as 
G’J) = (f O/J, 3 f ‘/JA for all f~ M, (3) 
where f” and f’ are defined by 
fO(x)=f(& xl; f'(x)=.f(l, xl, for all x E [0, 1 ] Ix’. (4) 
Note that f",f'eM,. 
Claim 1. a is well defined, i.e., for all f, g E M with f/J= g/J we have 
(f”/Jz, f l/J, ) = ( go/J,, g’/J2 ). Indeed, 
flJ=dJ~If-glEJ 
-II-81 Gv+h forsomenEWandO<hEJ2 
-If(o,~)-g(O,x)l~h(x)and If(l,x)-g(l,x)ldh(x), 
for all x E [0, 1 ]Ix’, 
t) f O/J2 = go/J, and f ‘/Jz = g ‘/Jz , 
which settles our claim. 
It is now easy to see that a is an I-homomorphism of M/J into G EE G, 
and a( l/J) = (1, 1) = the strong unit of G ES G according to 3.7. 
Claim 2. a is onto G ffl G. 
Let V= V,= fi{Zf I fE J} c [0, 11”‘. Then V= V,, x VJ,, whence 
v= v,u v,, where Vo={O}xV,,andV,={l}xVJ2. (5) 
For all f, g E M, we must find k E M such that a(k/J) = (f/J,, g/Jz). Since 
L g EM, by Corollary 3.4(ii) there are disjoint open sets Uo, U, c [0, lliyl 
together with a function kEM such that k= f on U, and U, 3 V. and 
k = g on U,, U, I V,. In particular, k(0, x) = f(0, x) for all (0, x) E (0} x 
[O, l]‘X’ n u, = (0) x Do, where 8, is an open in [0, 1 ] Ix’. Similarly, 
k( 1, x) = g( 1, x) for all (1, x) E { 1) x [0, 1 ] Ix’ n U, = { 1 } x 8,) where 0, is 
an open in [0, l] . Ix’ Stated otherwise, k” = f and k’ = g on 8, and 8,) 
respectively. By Proposition 3.1, from Do, 6, 2 VJ2 we obtain kO/J, = f/J, 
and k’/Jz = g/J2, whence by (3) our claim is settled. 
Claim 3. a is l-l. 
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By inspection of the proof of Claim 1, we see that it suffices to settle the 
following, for all f, g E M: 
if there is 0 d h E J, such that for all x E [0, 1 ] Ix’ 
lf0-go1 <h and If’-g’l Gh, (6) 
then If-gleJ. 
To this purpose, note that by hypothesis Z 1s” - go) 2 Zh and 
ZIf,-g’lIZh. Therefore, ZIf-g/~(O}xZI.~“-go/u{l}x 
ZIf’-g’l~{O}xZhu{l}xZh=Z(qvh). By Proposition 2.4, 
If- gl E Z(q v h) c Jc M, and (6) holds, whence our claim is settled. 
Having proved that cr is an l-isomorphism of M/J onto G H G, the 
desired conclusion now follows from (2). The proof for the case n > 2 only 
requires burdening the notation. 1 
We finally consider the l-group ?J @,,, L with strong unit (1, 0). The AF 
C*-algebra 23 of [ 14, 6.51 can be equivalently defined by (K,(23), [ 1 w]) E 
Z@,ex Z. For each positive integer n we let H,, be the I-subgroup of M,, 
given by the positively homogeneous functions of M,; that is, f~ H,, iff 
f~ M, and f(Ax) = i.(x) f or all ;i E [0, l] and x E [0, l]‘,. Recall that 
0 (o, ,,, o, is the I-ideal of M,, given by the functions vanishing on an open set 
containing the origin in [0, 11”. 
4.6. THEOREM. (Z @,,, Z) Ll (Z O,,, Z’) = M,/Oo,,, = Z O,,, H,. 
Proof. Let G = Z? elex Z. For each n = 2, 3, . . . . define f,, E M, by f,(x) = 
(nx - 1) v 0 for all x E [0, 11. Let J, be the I-ideal of M, generated by 
{fi,f3, . ..}. We then have 
J, = 0,. (1) 
Indeed, from VJ, = (0) and Corollary 3.5 we obtain 0, c J, ; for the con- 
verse inclusion, we just note that j;, E 0,. Form now a disjoint copy M’, of 
M,, by letting all the functions in M’, depend on the variable y. Let 
J’, c M; be the analogue of J, c M,. Let J be the I-ideal of M, generated 
by J, u J’, . By (1) each g E J, u J’, vanishes on some open set containing 
(0, 0), whence Jc O,,,O,. Conversely, upon noting that V, = V,, x V,; = 
{ (0, 0)}, by Corollary 3.5 we obtain Oo,,, c J. We then have 
J= Oo,o,. (2) 
It is easy to see that GE M,/J, z M’,/J’, . By Theorem 2.5 we can write 
G LI G = M,lOco,o,. (3) 
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Elements of MJO,,,,, are germs at (0,O) of two-variable McNaughton 
functions. Thus, for all f, g E M,, we have f/OO,,, = g/O,,,, iff f = g on 
some open set containing (0,O). The quotient map sends the I-ideal J(,,,,, of 
M, into the I-ideal G, = JI,,,,/O,,,O, of M,/Oo,O, given by the germs of 
functions vanishing at (0,O). Let 4: M, + Z x G, be defined by 
d(f) = (.m Oh (f-m O))/O,o,o,), for all f~ M,. (4) 
Note that f-f(0, 0) E J(,,,, c M,. It follows that 4 is an I-homomorphism 
of M, into Z’Olex G,, and for all f, ge M,, d(f) = d(g) iff flO(,,,, = 
dO(O,O,. Further, 4 is surjective, because for every n E Z and g/0(,,,, E G,, 
the function n + ge M, 
6: M,lO 
satisfies &n + g) = (n, g/0(,,,,). If we define 
(0.0) -+ L @hex G, by 
&flO,o,oJ = dUL (5) 
we have that 4 is an I-isomorphism of M,/Oo,,, onto L Olex Gz, and 
$( l/0(,,,) = (1, O/Oo,,,) is the strong unit of Z Olex Gz, according to 3.7. 
Finally, let the map : G2 + H, be given by 
Yi&o.o,cu, WV) =f’((O, 0); (4 M’))> for all f~ J,,,, andu, WE [0, l] (6) 
Then from Proposition 2.3 it follows that ^ is an I-isomorphism of G, onto 
H,. I 
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